Abstract-This paper is concerned with the problems of state and output feedback control for interval type-2 (IT2) fuzzy systems with mismatched membership functions. The IT2 fuzzy model and the IT2 state and output feedback controllers do not share the same membership functions. A novel performance index, which is expressed as an extended dissipativity performance, is introduced to be a generalization of H ∞ , L 2 -L ∞ , passive, and dissipativity performances indexes. First, the IT2 Takagi-Sugeno fuzzy model and the controllers are constructed by considering the mismatched membership functions. Second, on the basis of Lyapunov stability theory, the IT2 fuzzy state and output feedback controllers are designed, respectively, to guarantee that the closed-loop system is asymptotically stable with extended dissipativity performance. The existence conditions of the two kinds of controllers are obtained in terms of convex optimization problems, which can be solved by standard software. Finally, simulation results are provided to illustrate the effectiveness of the proposed methods.
a weighted sum of some simple linear subsystems [8] , and its weightings are characterized by the type-1 membership functions. Recently, many stability analysis and controller synthesis results for type-1 fuzzy-model-based (FMB) control systems have been developed [9] [10] [11] . The authors in [7] designed an FMB fault-tolerant controller for nonlinear stochastic systems against simultaneous sensor and actuator faults. It should be mentioned that the above results are based on parallel distributed compensation (PDC) design concept [12] . Therefore, the fuzzy model and the fuzzy controllers or the fuzzy filters share the same premise membership functions, which assumes that the membership functions contain no uncertainties. However, if there are parameter uncertainties in the nonlinear plant, then the uncertain parameters will be contained in the membership functions of fuzzy model, and the grades of membership will become uncertain in value. Then, it is natural to bring some conservative stability analysis results if the PDC design concept is still used.
Recently, the authors in [13] pointed out that type-2 fuzzy sets can be very useful to represent and capture the uncertainties effectively. It has been shown that the type-2 fuzzy logic systems have the potential to provide better performance than the type-1 one in [14] [15] [16] [17] [18] [19] [20] [21] [22] . Based on type-2 fuzzy logic theory, the problem of the tracking controller design for the dynamic of a unicycle mobile robot was considered in [18] . In [23] , the authors presented a novel reactive control architecture for autonomous mobile robots that was based on type-2 fuzzy logic controller to implement the basic navigation behaviors and the coordination between these behaviors to produce a type-2 hierarchical fuzzy logic controller. The authors in [24] proposed an interval type-2 (IT2) fuzzy logic congestion controller to achieve a superior delivered video quality compared with existing traditional controllers and the type-1 fuzzy logic congestion controller. Because of the advantage of IT2 fuzzy sets over type-1 fuzzy sets, considerable attention has been paid to IT2 fuzzy systems in [25] [26] [27] . The authors in [25] and [26] used IT2 membership functions to capture the nonlinear plants and design state feedback controllers for the IT2 T-S fuzzy systems. When the state variables are not measurable online, the control methods proposed in [25] and [26] are not available. In addition, it should be mentioned that the performances of IT2 fuzzy systems have not been considered in the literature. This paper deals with the problems of state and output feedback controllers design for IT2 fuzzy systems with mismatched membership functions based on a novel performance index. The IT2 fuzzy systems and the IT2 state and output feedback controllers do not share the same membership functions. First, the state feedback and the output feedback control systems are constructed. A new performance index, referred to extended dissipativity performance, is introduced. The extended dissipativity is a generalization of the H ∞ performance, the L 2 -L ∞ performance, the passivity performance, and dissipativity performance. Second, based on Lyapunov stability theory, the state and output feedback controllers are designed, respectively, to guarantee that the closed-loop system is asymptotically stable with extended dissipativity performance. The existence conditions of the two kinds of controllers are obtained in terms of convex optimization problems, which can be solved by standard software. Finally, simulation results are provided to illustrate the effectiveness of the proposed method. The rest of this paper is organized as follows. Section II formulates the problem, and Section III presents the main results. Section IV uses some simulation results to illustrate the effectiveness of the proposed IT2 fuzzy control schemes, and Section V concludes this paper.
Notation: The notation used throughout the paper is fairly standard. R n stands for the n-dimensional Euclidean space, and R n ×m stands for the set of all n × m real matrices; [A] s is used to denote A + A T for simplicity; P > 0 (≥ 0) stands for a symmetric and positive definite (semidefinite); L 2 -L ∞ represents the space of square-integrable vector functions over [0, ∞); diag{...} stands for a block-diagonal matrix; the superscripts "T " and "−1" stand for matrix transposition and inverse, respectively; and I n and 0 n denote the identity matrix and zero matrix with n-dimensions, respectively. In symmetric block matrices, we use an asterisk ( ) to represent a term that is induced by symmetry.
II. PROBLEM FORMULATION

A. Interval Type-2 Takagi-Sugeno Fuzzy Model
Consider the following IT2 fuzzy model with r rules that represents a continuous-time nonlinear system:
where W is stands for the ith IT2 fuzzy set of the function f s (x (t)), i = 1, 2, . . . r, s = 1, 2, . . . p; p is the number of premise variables; x (t) ∈ R n is the system state vector, u (t) ∈ R m is the input vector, w (t) ∈ R h denotes the disturbance input which belongs to L 2 [0, ∞), z (t) ∈ R q is the control output, and y (t) ∈ R g is the measure output; and A i , B i , C i , D 1i , D 2i , and C y i are the known matrices with appropriate dimensions. The firing interval of the ith rule is as follows:
where θ i (x (t)) denotes the lower grades of membership, θ i (x (t)) denotes the upper grades of membership, μ W i s (f s (x (t))) stands for the lower membership functions, and μ W i s (f s (x (t))) stands for the upper membership functions.
Then, the overall IT2 T-S fuzzy system is represented bẏ
where
with λ i (x (t)) and λ i (x (t)) being nonlinear functions, and θ i (x (t)) denote the grades of membership of the embedded membership functions.
B. Interval Type-2 Fuzzy State Feedback Control
In this section, we first construct an IT2 fuzzy state feedback controller [27] for the following control design. It is worth mentioning that the IT2 fuzzy system and the IT2 fuzzy state feedback controller do not share the same membership functions. The jth rule of the fuzzy controller is of the following form:
Controller Rule j:
where M j s stands for the jth fuzzy set of the function g s (x (t)), j = 1, 2, . . . r, s = 1, 2, . . . p; p is the number of premise variables; and K j ∈ R m ×n is the state feedback gain matrix of rule j. The firing interval of the jth rule is as follows:
where η j (x (t)) denotes the lower grades of membership, η j (x (t)) denotes the upper grades of membership, μ M j s (g s (x(t))) stands for the lower membership functions, and μ M j s (g s (x(t))) stands for the upper membership functions. Here,
The overall IT2 fuzzy state feedback control law is represented by
with ν j (x (t)) and ν j (x (t)) being predefined functions, and η j (x (t)) stands for the grades of membership of the embedded membership functions. For a simple description, we use the following notations: θ i (x (t)) θ i and η j (x (t)) η j , where i, j = 1, 2, . . . r. Applying the IT2 fuzzy controller (11) to system (3), the resulting IT2 fuzzy closed-loop system can be expressed as follows:
C. Interval Type-2 Fuzzy Output Feedback Control
In this section, we will construct an IT2 fuzzy output feedback controller in the following form:
wherex(t) ∈ R n is the state vector of the dynamic output feedback controller; N ks stands for the kth fuzzy set of the function h s (x (t)), k = 1, 2, . . . r, s = 1, 2, . . . p; p is the number of premise variables; and A ck , B ck , and C ck are control gain matrices with appropriate dimensions. The firing strength of the kth rule is the following interval set:
where k (x (t)) denotes the lower grades of membership, k (x(t)) denotes the upper grades of membership, μ N k s (h s (x(t))) stands for the lower membership functions, and μ N k s (h s (x(t))) stands for the upper membership functions.
The overall IT2 fuzzy output feedback control law is represented bẏ
in which κ k (x (t)) and κ k (x (t)) are predefined functions, and k (x (t)) denotes the grades of membership of the embedded membership functions. For a simple description, we define
θ i k = 1, it can be seen from (3) and (19) that the following closed-loop system is obtained:
is the state vector of the closed-loop
are the system matrices. The main purpose of this paper is to design the IT2 fuzzy state feedback controller (11) and output feedback controller (19) such that the closed-loop system is asymptotically stable with the H ∞ , L 2 -L ∞ , passive, and dissipativity performance indexes. In [28] , the authors introduced a new performance index, referred to extended dissipativity performance index, which is a generalization of H ∞ , L 2 -L ∞ , passive, and dissipativity performances indexes. In addition, the authors presented some new conditions for the filter design of Markovian jump delay systems based on the new performance index. In the following part, we introduce the new performance index from [28] . First, the following assumption is given for developing the new performance index.
Assumption 1 (see [28] ): Let Φ, Ψ 1 ,Ψ 2 , and Ψ 3 be matrices such that the following conditions are satisfied:
Definition 1 (see [28] ): For given matrices Φ, Ψ 1 , Ψ 2 , and Ψ 3 satisfying Assumption 1, system (17) [or system (25) ] is said to be extended dissipative if there exists a scalar ρ such that the following inequality holds for any t > 0 and all
where and σ > 0, inequality (26) becomes the very-strict passivity performance. In the definition of the very-strict passivity performance, the scalar ρ is not required to be zero. It was shown in [33] that ρ should be a nonpositive scalar. This fact can also be seen from Assumption 1 and Definition 1. Indeed, when w (t) = 0, from (26), it follows that
Note from Assumption 1 that Φ ≥ 0 and Ψ 1 ≤ 0. Thus, the above inequality implies that ρ ≤ 0, and there always exist matricesΦ andΨ 1 such that
Remark 1: The first item of Assumption 1 guarantees that inequality (26) is well defined. The second item enables one to derive a linear matrix inequality (LMI)-based condition for the investigation of the dissipativity analysis problem. The conditions of Assumption 1 similar to 1), 2), and 5) were used in [32] , [34] , and [35] . On the other hand, when considering the L 2 -L ∞ performance, it is well known that the output of the considered system should not include disturbance inputs [36] . Therefore, it should be assumed that D 2i = 0 when Φ = 0, which justifies the need of the third item of Assumption 1. Finally, the fourth item of Assumption 1 is technically necessary for the development of our analysis and design methods.
In this paper, our objective is to design the state feedback controller in (11) and output feedback controller in (19) for system (3) such that: 1) the closed-loop system ( 17) [or (25) ] is asymptotically stable with w(t) = 0; 2) the closed-loop system (17) [or (25) ] guarantees the new performance index (26) .
III. MAIN RESULTS
This section is concerned with the controllers design problem for the IT2 T-S fuzzy system. The existence conditions of the controllers are given in the following theorems. We first present IT2 fuzzy state feedback controller design results.
Theorem 1: For given matricesΦ,Ψ 1 , Ψ 2 , and Ψ 3 satisfying (28) and Assumption 1, the system in ( 17) is asymptotically stable and satisfies the performance index in Definition 1, if there exist matrices
. . r) with appropriate dimensions, and under the condition η j − σ j θ j ≥ 0 (0 < σ j < 1) for all j = 1, 2, . . . , r, such that the following LMIs are satisfied:
T Then, the IT2 fuzzy state feedback controller gain matrices are given as
In this case, the scalar ρ involved in Definition 1 can be chosen as
Proof: Choose a quadratic Lyapunov function for the stability analysis of system (17) as follows:
From Ψ 1 ≤ 0, it can be seen that
ThenV
is an arbitrary matrix with appropriate dimensions. Then
It can be seen from (31)- (33) that
By the Schur complement, one can have
That is to saẏ
Therefore, there is always a sufficiently small scalar c > 0 such thatΩ ij ≤ −cI. This means thaṫ
Thus, J (t) ≥V (t) holds for any t ≥ 0 , which means
It is shown from (
From (29) and (41), we know that P > G, which means
For inequality (40), it is derived from (34) that
According to Definition 1, we need to prove that the following inequality holds for any matrices Φ, Ψ 1 , Ψ 2 , and Ψ 3 satisfying Assumption 1:
To this end, we consider the two cases of ||Φ|| = 0 and ||Φ|| = 0, respectively. First, we consider the case when ||Φ|| = 0. It follows from (42), for any t ≥ 0,
This implies that (43) holds by noting that z (t) T Φz (t) ≡ 0. Second, we consider the case of ||Φ|| = 0. In this case, it is required under Assumption 1 that ||Ψ 1 || + ||Ψ 2 || = 0 and ||D 2 i || = 0, which implies that Ψ 1 = 0, Ψ 2 = 0, and Ψ 3 > 0. Thus, J (s) = w (s)
T Ψ 3 w (s) ≥ 0. Then, using the Schur complement to the condition (30), it can be obtained thatC
For any t ≥ 0, the following inequalities hold:
Based on the two cases of ||Φ|| = 0 and ||Φ|| = 0, we know that the closed-loop system (17) is extended dissipative in the sense of Definition 1.
When w (t) ≡ 0, it follows from (39) thaṫ
Noticing that Ψ 1 < 0 under Assumption 1, we obtain thaṫ V (t) ≤ −c |ξ (t)| 2 . Then, we can show that the closed-loop system (17) with w (t) = 0 is asymptotically stable. This concludes the proof.
In the following part, we will solve the problem of IT2 fuzzy output feedback controller synthesis for the IT2 fuzzy system (3). By following the same line as the proof of Theorem 1, the following theorem is obtained directly.
Theorem 2: For given matricesΦ,Ψ 1 , Ψ 2 , and Ψ 3 satisfying (28) and Assumption 1, the closed-loop system in ( 25) is asymptotically stable and satisfies the performance index in Definition 1, if there exist matrices P = P T > 0, G > 0 and Λ T i =Λ i (i = 1, 2, . . . , r) with appropriate dimensions, and under the condition k −σ k θ k ≥ 0 (0 <σ k < 1) for all k, such that the following LMIs hold:
In the following theorem, the control gain matrices A ck , B ck , and C ck in (19) will be solved.
Theorem 3: Considering the IT2 fuzzy system (3), for given matricesΦ,Ψ 1 , Ψ 2 , and Ψ 3 satisfying (28) and Assumption 1, system (25) is asymptotically stable and satisfies the performance index in Definition 1, if there exists matricesΛ
and C i with appropriate dimensions, and under the condition 1, 2, . . . , r, such that the following LMIs hold:
wherě
Then, the IT2 fuzzy output feedback controller gain matrices are given as follows:
where M and N are nonsingular matrices satisfying:
Proof: Using the Schur complement, it can be seen from (56) that
It is easy to see that
Similarly, for (54), one can see
In order to solve the parameters of the IT2 fuzzy output feedback controller, the matrix P is partitioned and inverted as
Considering that P P −1 = I, inequality (60) holds. From (51), it is obvious that −R −I −I −S < 0 which shows that R − S −1 > 0, this is to say I − RS is nonsingular. This ensures that there are always nonsingular matrices M and N such that (60) is satisfied. Setting
we obtained from (63) that
It follows that
which means that X 1 and X 2 are positive definite, and P can be expressed as P = X 2 X −1
Consider the following equations:
By performing congruence transformation by diag{X 1 -1 ,I,I} to (61) and (62), we know that conditions in (50) and (48) hold. On the other hand, we perform congruence transformation to (52), (53), and (55 ) Remark 2: The main contributions of this paper can be summarized as follows: 1) A new performance index, including the H ∞ performance, the L 2 -L ∞ performance, the passivity performance, and dissipativity performance. 2) Based on the new performance index, a novel IT2 fuzzy state feedback controller is designed for IT2 fuzzy systems with mismatched membership functions. 3) A new IT2 fuzzy output feedback controller is also designed for IT2 fuzzy systems with mismatched membership functions under a unified frame.
In order to show the advantages of the proposed results over the existing type-1 fuzzy control results, we give the following lemma. In [29] , the authors investigated robust H ∞ control problem of T-S fuzzy systems with state and input time delays. To compare with our results, we consider the following type-1 fuzzy system with k fuzzy rules (65):
where h i (x(t)) has been defined in [29] . Based on the PDC design concept, the following state feedback fuzzy controller can be obtained:
Under (66), the resulting closed-loop system can be represented as follows:
Based on the method proposed in [29] , the following lemma can be easily obtained. Lemma 1: For given scalar a 2 = 0, system (67) is asymptotically stable with an H ∞ norm bound γ > 0, and the feedback gain matrices are given by
if there exist matricesP > 0 and X such that the following LMIs hold, for 1 ≤ i, j ≤ k:
IV. SIMULATION EXAMPLES
To validate the effectiveness and the practicality of the proposed control design schemes, two simulation examples are provided in this section. In Example 1, the effectiveness of both the IT2 fuzzy state feedback and output feedback control schemes is testified. The inverted pendulum application is employed to illustrate the practicability of the proposed results in Example 2, in which the IT2 fuzzy state feedback controller is applied to control the pendulum system. Example 1: Consider the following three-rule IT2 fuzzy system: The lower and upper membership functions are chosen in Table I . Fig. 1 shows the membership functions of the IT2 fuzzy system according to the representation in (70). 
It is assumed that the disturbance w(t) is
Under the initial condition x (0) = −10 −5 T , Fig. 2 depicts the state responses of the open-loop system in (2), which indicates that the open-loop system (70) is not stable. In this case, we design the IT2 fuzzy state feedback controller in (11) to stabilize this unstable system in (70). Next, according to the description in (9) and (10), the lower membership functions and the upper membership functions in (10) of the IT2 fuzzy controller are defined in Table II . From (12) , by choosing the constants ν j (x(t)) = 0.5 andν j (x(t)) = 0.5 (j = 1, 2, 3), we can obtain the membership functions of the IT2 fuzzy state feedback controller, which are shown in Fig. 3 . In this control scheme, we consider the L 2 -L ∞ performance index for the system in (70). Based on Definition 1, by setting Φ = I , Ψ 1 = 0, Ψ 2 = 0, and Ψ 3 = 0.1I, and according to Theorem 1, with the parametersσ k (k = 1, 2, 3) chosen asσ 1 = 0.1,σ 2 = 0.9,σ 3 = 0.1, by solving the conditions (29)- (33), we can obtain the L 2 -L ∞ performance index γ = 1.1364, and the controller gain matrices are obtained as follows:
Thus, under the same initial state condition, we can obtain the state responses of the closed-loop system in (70), which are plotted in Fig. 4 . Obviously, the unstable system has been effectively stabilized by the designed IT2 fuzzy state feedback controller. Therefore, the whole simulation in this control procedure has demonstrated the effectiveness of the designed IT2 fuzzy state feedback control scheme.
Remark 3: It should be noted that the IT2 membership functions will generate uncertain grades of membership as presented in (4) . As a result, the existing type-1 stability analysis for the T-S fuzzy system under the PDC concept cannot be applied. According to the representation in (70), Fig. 1 shows the membership functions of the IT2 fuzzy system. From Tables I and II, it is obvious that the membership functions of the plant and controller are not matched, even though in such a situation, the plant can also be controlled with desired system performances.
We continue to consider that the state cannot be measured. Then, the IT2 fuzzy dynamic output feedback controller is designed to control the IT2 fuzzy system in (70). The measured output is given as y (t) = C y i x (t) (i = 1, 2, 3), where C y 1 = 0.78 0.66 , C y 2 = 0.33 0.75 , C y 3 = 0.78 0.66 . We consider the same membership functions in Table II for the IT2 fuzzy output feedback controller design, i.e.,
In this control scheme, we consider the H ∞ performance index for the system in (70). From (20), we choose the constants ν j (x(t)) = 0.5 andν j (x(t)) = 0.5 (j = 1, 2, 3). Thus, under the same initial state condition, we can obtain the state responses of the closed-loop system in (70), which are plotted in Fig. 5 . Obviously, the unstable system has been also effectively stabilized by the designed IT2 fuzzy output feedback controller. 
Remark 4:
In our control procedure, the Matlab LMI toolbox was used to solve the LMI-based conditions in Theorems 1 and 3, respectively. Referring to Figs. 4 and 5, it can be seen that the controllers can stabilize the system in (70) with desired performances. The main difference is that when the system state is unmeasurable, the designed IT2 fuzzy output feedback controller can stabilize the IT2 fuzzy system and satisfy the designed performance index. Particularly, Fig. 5 has shown the effectiveness of the proposed IT2 output feedback control scheme. It should be mentioned that there are few results about the IT2 output feedback control for IT2 fuzzy systems in the existing literature.
Remark 5: As compared with the existing literature on type-1 fuzzy systems, the main significant advantage of this study is to solve the control problem of the uncertain nonlinear system under the performances (L 2 -L ∞ , H ∞ , passive, and dissipativity performances indexes). In the following part, a practical example will be utilized to show the effectiveness of the proposed results.
Example 2: In this example, the inverted pendulum, shown in Fig. 6 , is used to testify the applicability of the proposed results. In this control procedure, at first, under different initial states, the disturbance input is considered in the pendulum system, and then, the disturbance-free case is considered. For the limitation of the space, we only provide the simulation results for the designed IT2 fuzzy state feedback control scheme. The dynamic equation for the inverted pendulum [25] is given bÿ
where θ(t) denotes the angular displacement of the pendulum, and the acceleration due to gravity g = 9.8 m/s 2 . m p ∈ m pmin m pmax = 2 3 kg is the mass of the pendulum, M c ∈ M cmin M cmax = 8 16 kg is the mass of the cart, a = 1 m p +M c , 2L = 1 m is the length of the pendulum, and u(t) is the control force (in Newtons) applied to the cart. The following four-rule T-S fuzzy model is obtained to describe inverted pendulum:
, x 1 (t) ∈ 10.0078 18.4800
and the other considered system matrices is given by 
Consider the following disturbance:
If m p and M c take the constant values, then the membership functions of the T-S fuzzy system (72) are absolutely known. The state responses of the inverted pendulum system are depicted in Fig. 7 under an assumed initial state condition x (0) = In this example, from [25] , the four-rule IT2 T-S fuzzy model is obtained to describe the inverted pendulum system subject to parameter uncertainties, which is given in the following format:
where the system matrices are given in (72). The lower membership functions and upper membership functions of the plant are defined in Table III . The lower and upper grades of membership of rule i (i = 1, 2, 3, 4) are defined as follows: IT2 fuzzy model can deal with the uncertainties in membership functions well. These graphs indicate that the designed IT2 fuzzy state feedback controller can stabilize the inverted pendulum system in spite of under different initial states.
On the other hand, when w(t) = 0, (t ≥ 0), under the controllers designed in this example, the trajectories of the state responses of the closed-loop system are shown in Figs. 12 and 13 under the initial condition it can be seen that the disturbance affects the stability of the system, and the speed to be stable for the closed-loop system without disturbance is faster. Overall, these simulation results show that our proposed control schemes are effective to control the uncertain nonlinear systems with desired performances. Remark 6: Considering the simulation results in [37] , and Figs. 7, 10, and 11, it can be seen that the IT2 fuzzy controller designed from Theorem 1 can always stabilize the inverted pendulum system for different initial status. In this example, the IT2 fuzzy system and fuzzy controllers do not share the same premise membership functions, that is to say, the controller cannot be obtained based on the PDC concept. Thus, the stability conditions proposed in [37] cannot be availed in this example.
V. CONCLUSION
In this paper, the problems of state and output feedback controllers design have been solved for the IT2 T-S fuzzy system with mismatched membership functions. Under a unified framework, the IT2 fuzzy controllers have been designed for IT2 fuzzy systems based on a new performance index. In this new performance index, H ∞ , L 2 -L ∞ , passive, and dissipativity performances are included. By using Lyapunov stability theory and the convex optimization technique, the existence conditions of the state and output feedback controllers have been expressed. Two numerical examples have illustrated the effectiveness of the proposed designed method. In future work, the actuator delay and fault will be considered in the IT2 fuzzy systems, and the fault-tolerant controller will be designed for the systems with actuator delay and fault.
